Aircraft Performance

The calculation of the performance of a fixed wing aircraft can be done using a set of simple force equilbrium equations.  In most flight conditions an aircraft will have force equilibrium in all three dimensions.  If a wind axis system is used with vertical being defined at right angles to the freestream velocity vector then the applied vertical forces will be a combination of lift, aircraft weight and ground support reaction forces. For the horizontal axis parallel to the stream direction the applied forces will consist of a combination of thrust, drag, weight components and ground friction effects. In the case of a turning aircraft the crosswind axis equilibrium also needs to be considered as there will be additional inertial forces generated by centripetal acceleration. 

When the aircraft is not in equilibrium then the resulting accelerations will cause dynamic motion which will need to be analysed by applying the equations of flight mechanics and control. In this chapter it is assumed that the aircraft is in equilibrium, or near equilibrium, so that the simpler aircraft performance equations can be applied. Calculations of take-off roll, field length, climb rate, climb gradient, ceiling, range, endurance, turn rate, descent angle and  landing roll will be shown using basic equilibrium equations. 

Weight, Geometry, Lift, Drag and Thrust Properties.

1. Weight. 

The weight (W) of the aircraft and its aerodynamic properties are the primary factors determining its flight performance. 

The weight of the aircraft can be broken down into fundamental components: 
            the empty weight of the vehicle; 
            the weight of the pilot, passengers and payload; 
            the weight of the fuel. 
There will be limiting weight values due to the aircraft design and flight regulations: 
            maximum weight of payload; 
            maximum fuel load or fuel tank capacity; 
            maximum take-off weight (MTOW); 
            maximum landing weight. 

It is not simply a matter of adding the components together to obtain a final answer for the aircraft weight. For example it may be necessary to remove fuel weight so that additional payload may be carried while still maintaining the requirement of a maximum take-off weight. For stability and hence flight safety considerations an accurate "weight and balance" calculation should be performed prior to the flight of the aircraft. 

In flight the aircraft weight will change as fuel is burnt by the propulsion system or possibly dumped in an emergency situation. 

All the weight specifications will need to be identified from data given by the aircraft manufacturer before force equilibrium calculations can be applied. 

Aircraft Geometry. 

A typical aircraft planform layout is shown below. 
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The mean aerodynamic chord can be found by integrating the individual section chords across the span.
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For wings with simple linear taper, the mean aerodynamic chord will roughly equal the mean geometric chord,
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The aspect ratio of the wing will be,

[image: image4.png]



and for wings with rectangular planform this will simplify to,
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2. Lift and Lift Coefficient 

The aircraft generates lift by moving quickly through the air. The wings of the vehicle have aerofoil shaped cross-sections and for the given flow conditions the aerofoil shapes will create a pressure difference between upper and lower wing surfaces. There will be a high pressure region underneath and a very low pressure region on top. The lift produced will be proportional to the size of the aircaft; the square of its velocity; the density of the surrounding air and the angle of attack of the wing to on-coming flow. 

To simplify the problem, lift is typically measured as a non-dimensional coefficient.
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In the normal range of operations the variation of lift coefficent with angle of attack of the vehicle will be approximately linear,
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up until a maximum lift coefficient value at which point the wing flow stalls and lift reduces. 

The values of the lift curve gradient and maximum lift coefficient are effected by the shape of the wing, its twist distribution, the type of aerofoil section used, the flap configuration and most importantly by the amount of downwash flow induced on the wing by the trailing wing tip vortices. 

A simple approximation for straight, moderate to high aspect ratio wings is to assume an elliptical spanwise load distribution which gives the following result,
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where it is assumed that the ideal two-dimensional result for the section used is [image: image9.png]


. 

Calculation of zero angle lift coefficient or zero lift angle can be done by crudely assuming that the zero lift angle for the aircraft equals the combination of zero lift angle of the aerofoil section and wing incidence setting. Calculation of maximum lift coefficient can be again take as approximately equal to the two dimensional section data minus 5% due to the negative lift needed at the tailplane to maintain moment equilibrium. 

For swept wings, wings with complex taper or wings with flaps, a more accurate calculation needs to be undertaken using either lifting line theory or the vortex lattice method. 

3. Drag and Drag Coefficient 

In moving through the air the aircraft experiences a resistive drag force. This force is made up of several distinct components
       Friction drag 
       Pressure drag 
       Compression drag 
       Lift induced drag 

In theory the drag can be predicted by using a simple parabolic drag assumption,
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If the offset due to camber is neglected then this can be written simply as,
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This lumps friction and pressure components into a constant base drag term and then treats the variation due to friction, pressure and most importantly lift induced drag, as a quadratic function of lift. 

The effect of compressibility can be predicted by the use of a correction factor for speeds ranging from M=0.4 up to transonic.
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For the more complex flows obtained in the transonic and supersonic regions, CFD analysis or experimental data is required to correctly estimate CD. 

The lift dependant component can be approximated as
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where e is the wing planform efficiency factor. Values for these drag constants for various categories of aircraft are shown in the following table. 

	Aircraft Type
	Cdo
	e

	Single Engine
Light Aircraft
No Struts
	0.024
	0.8

	Single Engine
Light Aircraft
With Struts
	0.026
	0.8

	Multi Engine
Widebody Aircraft
	0.019
	0.84

	Twin Engine
Widebody Aircraft
	0.017
	0.85

	Twin Engine
Commuter Aircraft
	0.021
	0.85

	Military Aircraft
with external stores 
	0.028
	0.70

	Vintage Bi-plane
with struts and bracing wire
	0.038
	0.70


4. Production of Thrust
Thrust to overcome drag is produced by engines generally using one of the following configurations,

(a) Reciprocating Piston Engine driving a propeller.
(b) Gas Turbine Engine driving a propeller (turbo-prop).
(c) Podded High By-Pass Gas Turbine (subsonic) (turbo-fan). 
(d) Internal Low By-Pass Gas Turbine (supersonic) .

Propeller Thrust
For cases (a) and (b) engine horsepower performance data will be provided from the engine manufacturer. To find thrust, a reasonable estimate of propeller efficiency is required.

Propeller efficiency can be measured against advance ratio, the ratio of forward to rotational speed of the propeller, 
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where V is forward speed of aircraft, n is the propeller rotation speed in revs/sec and D is the diameter of the propeller.

A typical fixed pitch propeller performance graph will be as follows, [image: image15.jpg]09
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For detailed methods of calculating propeller performance see the chapter on Blade Element Theory. 

Typically maximum efficiency will be around 80% and for a fixed pitch propeller this will be achieved at an advance ratio corresponding to cruise speed and engine RPM settings. As the advance ratio at take-off is lower this may result in a take-off propeller efficiency of only 50%. 

By using a constant speed unit on the engine and thus varing the pitch in flight it is possible to maintain high efficiency for a range of advance ratios. The propeller will then run at maximum efficiency (80%) from take-off speed, through climb speed to cruise and high speed cruise. The constant speed units typically have a fixed range of pitch change so that again below take-off speed and above high speed cruise the propeller efficiency will rapidly decline.

More advanced turbo-prop units have a greater pitch range including the options of reverse thrust and feathered (aligned with airflow, min drag with no rotation) positions.

Given information regarding the propeller efficiency, the engine horsepower output and the speed of the vehicle, thrust produced by the propeller can be predicted by,
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Take Off Performance

Take off performance can be predicted using a simple measure of the acceleration of the aircraft along the runway based on force equilibrium.

The forces involved will be,

T – Thrust of propulsion system pushing aircraft along runway.

D – Aerodynamic Drag of vehicle resisting the aircraft motion.

F – Rolling resistance friction due to the contact of wheels or skids on the ground.

During take-off run the imbalance in these forces will produce an acceleration along the runway.
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      (1)

where dV/dt is the acceleration along the runway and m is the mass of the vehicle.

1. Rotation Velocity.
The procedure for take-off will be that the vehicle will accelerate until it reaches a safe initial flying speed, the pilot can then rotate the vehicle to an attitude to produce climb lift and it will ascend from the ground. The determination of this safe flying speed or rotation speed, VR, is a critical factor in determining take-off performance.

For safety reasons VR is usually determined as being 1.2 * VSTALL or 1.1*VMIN CONTROL which ever is greater. Stall speed, VSTALL, is the lowest speed that the aircraft can be flown before the airflow starts to separate from wings as the angle of attack becomes too great. It can be calculated based on knowledge of the aircraft take-off configuration and hence the maximum achievable lift coefficient CL(max). To maintain level flight the lift produced must equal the weight, at the point just before stall this leads to the following balance,
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hence stall speed can be calculated as,
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Minimum control speed, VMIN CONTROL is a more complex calculation and requires knowledge of the stall characteristics of the tailplane and elevator. For conventional aircraft there is only a small difference between VR calculations based on stall speed or minimum control speed.

As well as rotation speed there are other safety considerations as shown in the following figure.
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V1- Abort decision speed. Below this speed the take-off can be safely aborted. After this there will not be sufficient runway length to allow the aircraft to decelerate to a stop.

V2 – Safe climb speed. Below this speed aircraft cannot attain sufficient climb rate. Aircraft must climb at a minimum gradient to avoid obstacles at the end of the runway. With engine failure on multi-engined aircraft, this speed should still be achievable.

2. Thrust
The thrust of gas turbine or turbofan engines will be relatively constant during take-off. A good assumption is to use the manufacturer's values for maximum static thrust for take-off calculations. 

The thrust of a propeller driven aircraft can be found from the given shaft horsepower data for the engine and the use of the equations using propeller efficiency given in the previous section.
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       (2)

It is critical to correctly estimate the propeller efficiency for the particular aircraft velocity along the runway. At V=0 the efficiency is 0 and at V=VR the efficiency will be in the range 50% to 80% depending on the type of propeller system used.

3. Drag
The resistance to motion due to the air viscosity will give a drag of 
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       (3)

where CD can be considered constant and calculated using the formula shown in the previous section Section 2.

4. Rolling Resistance
The friction between aircraft and runway will be proportional to the normal force exerted by the aircraft on the runway.
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     (4)

The normal force will be the difference between Weight of aircraft and Lift, the friction coefficient will be typically of a magnitude of 0.02 for a standard tarmac runway.

5. Average acceleration and distance to rotation.
The rate of change of velocity can be predicted at any point on the take-off roll by substituting results (2),(3) and (4) into equation (1). The subsequent velocity can be found by integrating this result and the distance traveled found by integrating the velocity.
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A typical acceleration will be dominated by the drag component as thrust, weight and friction are relatively constant during this period. This leads to the result shown where acceleration is inversely proportional to velocity2.
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Due to the quadratic nature of acceleration change, an average value, [image: image26.png]


for the range of velocities from zero to VR can be found at the point when [image: image27.png]V=V 2



. This average acceleration can be used to simplify calculations and the take-off run can be assumed to be a constant acceleration for the time taken to get from 0 to VR.

This means [image: image28.png]


and [image: image29.png]


where t is time from start to point where VR is attained. Rearranging leads to a relatively simple calculation to predict take-off distance.
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6. Take-Off (Balanced) Field Length.
The required length of runway will be the sum of the distance required to get to rotation speed and the extra length required to allow for rapid braking if the pilot decides to abort take-off at the decision speed V1. This length will typically be considerably longer than the distance required to achieve flying speed.
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Distance to V1 can be calculated in a manner similar to that shown for VR. The calculation of braking distance will require knowledge of the maximum braking friction coefficient that can be generated by the aircraft. This information should be available from manufacturer's data. Braking distance calculations should also be done without any assumption of reverse thrust from engines as during a take-off abort, engine power may not be available.

Climb Performance
Once the aircraft has left the ground and a constant speed climb established, then climb performance can be simply calculated using a balance of the forces acting on the climbing vehicle.
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In diagram the vehicle is assumed to be climbing at a constant angle ( [image: image33.png]


) and 
at a constant rate ( [image: image34.png]


)

The balance of forces in the direction perpendicular to aircraft flight (z-wind-axis) will give : 
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The balance of forces in the direction parallel to the aircraft flight path (x-wind-axis) will give :
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Normal aircraft climb at relatively small angles so making the small angle assumption that [image: image37.png]sin(0)=0



, allows the following prediction of climb angle,
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Then by observing the relationship between climb angle, climb rate and flight velocity,
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The use of these equations in a numerical scheme is relatively straight forward. At a given aircraft weight, altitude and flight speed it should be possible to estimate the current Thrust (T) being produced and the current Drag (D) (see previous section on calculation of thrust and drag).

The difference between thrust and drag at the specified flight condition can hence be used to calculate climb angle and climb rate for the aircraft. Clearly if T=D then the aircraft is not climbing or descending but is in level flight. Also a obvious consequence is that if T<D then the aircraft must be descending.

These combination of terms : [image: image41.png]v,
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is quite important in the evaluation of aircraft performance. 

It is given the name Specific Excess Power ( Ps ). The fact that the terms have velocity * force units involved makes this a term in power; excess power, because of the assumption that T * V, power available from engines, is greater than D * V, power required to overcome energy loss due to motion.  The Ps term is denoted as Specific since the power terms are divided by the weight of the vehicle so that it is not being used in absolute terms but relative to the weight of the vehicle.

For this steady flight analysis Specific Excess Power will create a climb rate but for dynamic motion of the aircraft it can be used to climb, accelerate or turn. This will be covered in later chapters.

Investigation of the Specific Excess Power term over a range of flight speeds in the initial climb at sea level conditions can be used to find important results. Using the above simple equations in a spreadsheet for example can be used to predict the flight speed to use that will maximise the climb rate or the climb angle (Note: These two optima may not occur at the same flight speed).

Range Prediction
The range of the aircraft is a function of the rate at which fuel is being burnt, the duration of cruise, the flight speed and the aerodynamic performance during the flight. The mode of flight can also have a measurable effect on the distance traveled. Of major importance is the fact that the fuel used to supply the engines must be carried onboard the aircraft. This fuel weight must be supported by the aerodynamic lift along with the aircraft structural weight and the payload. While the structure and payload weights are fixed, the fuel weight changes significantly during the flight, leading to changing performance during long range cruise.
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A simple method of analyzing the aircraft cruise performance, during level flight, is to look at the balance of energy being created by the combustion of fuel and the energy required to overcome the resistance to motion through the air.

For a short period of time, dt, while the aircraft moves a distance, ds, at a velocity V,
that is, ds = V.dt, the energy components are;

(1a) Energy obtained from fuel burnt = dWf.Hc.[image: image43.png]



where, dWf is weight of fuel burnt during time dt, Hc is energy content (calorific value) of fuel and [image: image44.png]


is the efficiency of the propulsion system.

This is also equivalent to,

(1b) Energy produced by the propulsion system = T.V.dt 

where, T is the thrust produced, V is the flight velocity, hence T.V is the supplied power over time dt.

Thus T.V.dt = Hc. [image: image45.png]
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where TSFC, thrust specific fuel consumption,[image: image47.png]dwi/dt



, is a more easily obtainable measure of engine performance.

(2) Energy dissipated due to aircraft motion = D.V. dt
where D is drag on the vehicle, V is flight velocity,hence D.V is required power to be overcome during time dt. 

The balance of energy components gives,
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In terms of specific energy,
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Rearranging gives,
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Based on the assumption of level flight, L = W, and the assumption of roughly constant altitude and velocity cruise, [image: image51.png]Ah~0



, plus the substitution for change in weight in terms of loss of vehicle weight rather than fuel burn weight, [image: image52.png]


, then
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     ..... (1)

Again assuming approximate steady conditions where velocity and propulsion performance is kept constant and that the aerodynamic parameter L/D is maintained at a constant value then integration of this equation gives a range of,
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      ..... (2).

Equation (2) is the classic Breuget Range equation. It can be used to give reasonable estimates of range in still air. However the assumption of constant L/D and constant V/TSFC may not be too accurate in practice. To maintain constant L/D with the changing weight the aircraft would need to drift up in altitude so that a constant angle of attack was maintained. It may also be required that the aircraft change speed to maintain a constant V/TSFC. So to get detailed estimates over long range cruise conditions it may be necessary to do a numerical summation of the short segments where the assumptions are accurate.

Range with Headwind or Tailwind.

The above calculations are based on still air conditions. If the aircraft is flying into a headwind or with a tailwind, then the distance travelled through the air is the same but the ground distance covered will change.

The energy dissipated in overcoming drag is unchanged but the effective energy output relative to the ground will be based on the relative velocity, (V - Vw) where Vw is the velocity of the wind, positive meaning a headwind.

The energy balance becomes,
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and the final range equation becomes,
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Endurance

This is the total time taken during flight. It is directly related to the rate of fuel consumption. 
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If the aircraft is flown using a constant fuel flow rate.

[image: image60.png]time=[dt=[—— -W,

)
a1

S §
W /dt W= rar(Wana




Optimums

In order to maximise range for a given load of fuel, a balance of V/TSFC and L/D must be found. Increasing V will increase range up to a point where the increasing drag will start to reduce L/D so that the range, which is the product of these two terms, again starts to reduce.

In order to maximise endurance, fuel flow rate must be reduced. For engines with roughly constant TSFC this means reducing thrust by flying slowly at minimum drag speed.

The optimum flight speed for maximum endurance will be quite low and may be approaching the stall speed, whereas the optimum flight speed for range will be high.

