
	Table of Contents

	Introduction 

	Aerodynamics

	Properties of the Atmosphere
Flow Visualisation
Joukowski Flow Mapping & Aerofoils
2-D Flow Aerofoil Section Geometry
Thin Aerofoil Theory (2-D Sections)
2-D Panel Method Solutions
Lifting Line Theory (3-D Wings)
Vortex Lattice Method (3-D Wings)


Introduction

WHAT IS AERODYNAMICS?
Aerodynamics is the branch of dynamics that treats the motion of air (and other gaseous fluids) and the resulting forces acting on solids moving relative to such fluid.
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Aerodynamic results will fall into different categories of behaviour depending on velocity range (slow speed, high speed, supersonic, hypersonic), depending on size and shape of the object (large, small, complex 3D solid) and the physical properties of the fluid (dense, rarefied, viscous, inviscid). Many different aerodynamic situations can be analysed using a range of available theories.

The important steps of 

  flow field definition, 

  calculation of velocity field around the object, 

  calculation of flow pressure and shear distribution, 

  integration of these distributions on the surface of the body 

are the tools used for most theoretical aerodynamic prediction. The aim is to be able to predict the lift, drag, thrust and moments acting on objects or vehicles in motion. 
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WHAT IS LIFT?
Lift is the aerodynamic force acting at right angles to the direction of motion of the object. It is produced by the interaction of the moving object and the fluid. This interaction typically leads to a pressure differential being set up between upper surface and lower surface of the object. The nett effect of high pressure below and low pressure above will produce a force which sustains the object against descent due to gravity. The physical mechanisms in the fluid/body interaction that create lift are very complex. The laws of conservation of mass and momentum (including the effect of fluid rotation) result in fluid flow paths, velocity and pressure distributions which can significantly change the magnitude of lift due to small changes in flow angle or surface curvature. It is hoped that by studying the following chapters on the theoretical basis of fluid flow, students will begin to understand these mechanisms.
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WHAT IS DRAG?
Drag is the aerodynamic force resisting the motion of the object through the fluid. It is produced by front/rear pressure differences, shearing between fluid and solid surface, compression of the gas at high speed and residual lift components induced by 3D flow rotation.
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WHAT IS THRUST?
Thrust is the aerodynamic force produced in the direction of motion and is required to overcome drag and thus sustain the forward flight of the vehicle. It is produced by mechanical means (an engine) which effectivily transfers energy into the flow, in the form of increased fluid momentum. Thrust is the forward reaction to this fluid momentum change.
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WHAT IS MOMENT?
Moment is the aerodynamic torque produced by out of balance forces. An object or vehicle has no solid structure to support it in the air. A balance is required and all forces must act through the same point (typically the center of gravity of the object). Any variation of the point of application for aerodynamic forces will produce a couple, leading to a moment which will cause the vehicle to start to rotate. The study of these moments and the effect they have on the stability of motion of the vehicle is covered in more detail in the Flight Mechanics courses.
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WHAT IS CONTAINED IN THESE PAGES?
In the chapters of this web text we try to explain methods of analysis that can be used to predict the behaviour of various flight vehicles and components. The aim is to provide introductory engineering tools that will help in the undestanding of fundamental aerodynamics.

The primary system of units to be used in this text is the SI System.

Aerodynamics        

PROPERTIES OF THE ATMOSPHERE

	1. International Standard Atmosphere

	 1.1 Sea Level Conditions 

	Pressure
	101.3 kPa
	2116.7 lbf/ft2

	Density
	1.225 Kg/m3
	0.002378 slug/ft3

	Temperature
	15oC or 288.2 K
	59oF or 518 R

	Speed of Sound
	340.3 m/s
	1116.4 ft/s

	Viscosity
	1.789 x 10-5 Kg/m/s
	3.737 x 10-7 slug/ft/s

	Kinematic Viscosity
	1.460x10-5 m2/s
	1.5723x10-4 ft2/s

	Thermal Conductivity
	0.02596 W/m/K
	0.015 BTU/hr/ft/oR

	Gas Constant
	287.1 J/Kg/K
	1715.7 ft lbf/slug/oR

	Specific Heat Cp
	1005 J/Kg/K
	6005 ft lbf/slug/oR

	Specific Heat Cv
	717.98 J/Kg/K
	4289 ft lbf/slug/oR

	Ratio of Specific Heats
	1.40
	

	Gravitational Acceleration
	9.80665 m/s2
	32.174 ft/s2


1.2 Variation with Altitude
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Figure 1 : Atmospheric temperature at different altitudes 
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Figure 2 : Troposphere and Stratosphere 
Pressure, temperature, density, viscosity and speed of sound variation for the international standard atmosphere (ISA) can be calculated for a range of altitudes from sea level upward. This is done using an exact solution to the hydrostatic equation for a column of air. The air is assumed to be a perfect gas. In the lower region, the troposphere, the atmosphere has a lapse rate (L) of 6.5K/Km. At an altitude of 36089 ft the stratosphere starts and the temperature remains constant at 217K. The hydrostatic equation, perfect gas law and the lapse rate equation are
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where the variables used are

P -- Pressure (Pa);

T -- Temperature (K);
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-- Density (Kg/m3);

g -- Gravitational acceleration (9.8 m/s2);

To -- Standard sea level temperature (288 K);

R -- Gas constant for air (287 m2/s2/K);

h -- Altitude above sea level (m)

and L -- Lapse rate (0.0065 K/m).

Solving the hydrostatic equation with a constant lapse rate gives the resulting pressure variation in the troposphere.
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where Po is set at 101.3 kPa.

Solving the hydrostatic equation with a constant temperature gives the

resulting pressure variation in the stratosphere.
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where conditions with subscript (s) are values of altitude (hs), pressure (Ps) or temperature (Ts) at the tropopause, the start of the stratosphere, the line dividing the two distinct atmospheric regions.

Once pressure has been calculated at a particular altitude, density is then calculated using the perfect gas law. Viscosity and kinematic viscosity are found by applying the Sutherland law
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And finally speed of sound is found as 
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where [image: image15.png]


is the Ratio of Specific Heats for air and is equal to 1.4

Based on the above equations, an application is available which shows atmospheric properties for a specific altitude. This application can also be used to predict Mach Number, Dynamic Pressure and other altitude dependent properties if an input speed and reference length are given.

2. Correction for Air Density due to Humidity

The density of the air for a given level of humidity can be found by applying a correction factor to the above calculated perfect gas density.
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The correction factor, Kh, can be found by using wet and dry bulb temperature measurements to predict relative humidity as shown in the following table.
  

	Relative Humidity (%)

	Dry Bulb oC
	Temperature Difference,oC
TDRY - TWET 

1    2   3   4   5   6   7   8   9  10  11  12

	0
	81  64  46  29  13   -   -   -   -   -   -   -

	2
	84  68  52  37  22   7   -   -   -   -   -   -

	4
	85  71  57  43  29  16   -   -   -   -   -   -

	6
	86  73  60  48  35  24  11   -   -   -   -   -

	8
	87  75  63  51  40  29  19   8   -   -   -   -

	10
	88  77  66  55  44  34  24  15   6   -   -   -

	12
	89  78  68  58  48  39  29  21  12   -   -   -

	14
	90  79  70  60  51  42  34  26  18  10   -   -

	16
	90  81  71  63  54  46  38  30  23  15   8   -

	18
	91  82  73  65  57  49  41  34  27  20  14   7

	20
	91  83  74  66  59  51  44  37  31  24  18  12

	22
	92  83  76  68  61  54  47  40  34  28  22  17

	24
	92  84  77  69  62  56  49  43  37  31  26  20

	26
	92  85  78  71  64  58  51  46  40  34  29  24

	28
	93  85  78  72  65  59  53  48  42  37  32  27

	30
	93  86  79  73  67  61  55  50  44  39  35  30

	32
	93  86  80  74  68  62  57  51  46  41  37  32

	34
	93  87  81  75  69  63  58  53  48  43  39  35

	36
	94  87  81  75  70  64  59  54  50  45  41  37


The relative humidity can be used to obtain the density correction factor from the following graph.



Density Correction due to Humidity
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.

Note : Density correction factor assumes approximately sea level pressure in the application of these formulae. 
Flow Visualisation

Of extreme importance before attempting to analyse an aerodynamic flow is to understand the behaviour of the flow. This can be done by making the flow visible. The introduction of smoke lines to follow the airflow, the addition of surface tufts, oils or sensitive pigments are all methods to allow the investigator to "see" what is happening.

These visualisations can then be used to infer the nature of the flow in terms of circulation, vortex effects, flow separations and turbulence. This allows appropriate choices or simplifications of the equations used to solve the flow. Without such visualisation, incorrect assumptions will lead to the solution of flow cases that may not be directly relevant to the problem being considered and hence may lead to large errors.

Joukowski Transformations and Aerofoils

One of the ways of finding the flow patterns, velocities and pressures about streamlined shapes moving through an inviscid fluid is to apply a conformal mapping to the potential flow solution for a circular cylinder. The cylinder can be mapped to a variety of shapes and by knowing the derivative of the transformation, the velocities in the mapped flow field can be found as a function of the known velocities around the cylinder.

A simple mapping which produces a family of elliptical shapes and streamlined aerofoils is the Joukowski mapping. The 2-D cylinder (z1 flow field) is mapped to a streamlined shape (z2 flow field) using the mapping,
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The mapping is done in complex arithmetic with z1 and z2 representing the complete coordinate space of each flow field, 
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The transformation constant k is used to control the stretching of the flow field. A small k value will produce a near cylindrical shape with large thickness to chord ratio. A large k value approaching the radius of the cylinder will produce a very thin streamlined shape. Values of k greater than the radius of the cylinder produce mappings that are NOT conformal and hence do not represent valid flows.

By adjusting the centre of the cylinder relative to the origin of flow field z1 the mapped object can be made streamlined and curved. As the far-field is undisturbed by the mapping, the stream velocity, [image: image20.png]


, will be the same for both flow fields. 
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thus producing a cambered Joukowski aerofoil section. The velocities in flow field z2 can be determined by the derivative of the transformation function (dz2/dz1). 
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where |V1| is the magnitude of the velocity at a point in flow field z1 and |V2| (or V) is the magnitude of the velocity at the mapped point in flow field z2. Pressure coefficients on the surface of the streamlined shape in flow field z2 can then be found by applying Bernoulli's equation for inviscid incompressible flow. 
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For streamline shapes with sharp trailing edges, such as Joukowski aerofoil sections, circulation must be added to the flow to obtain the correct lifting solution. The value of circulation applied to the cylinder in flow field z1 should be specified so that a stagnation point is produced at the point of intersection of the rear of the cylinder and the x-axis. This point maps to the trailing edge of the aerofoil and when the correct amount of circulation is applied the Kutta condition will be satisfied at the trailing edge of the aerofoil in flow field z2,( ie. vorticity = 0 at trailing edge.).
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maps to
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Having obtained the correct lifting flow pattern, the lift will be a function of the amount of circulation applied.
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2D Flow Aerofoil Sections

Aerofoil sections come in a variety of shapes and sizes. Some are classified by their geometric properties while others by their aerodynamic properties. One of the earliest and simplest naming conventions is that for the NACA 4 and/or 5 Digit aerofoil families. Here the designation numbers determine the mean line and thickness distribution of the section. More modern designation numbers, such as the 6 and 6A series sections incorporate values related to the aerodynamic behaviour of the section and are constructed by mapping from the desired aerodynamic properties to a geometry that will then produce these. All section geometries will have methods for determining the surface x,y coordinates, the NACA systems below represent a first attempt at a parametric representation of camber and thickness.

NACA 4 and 5 Digit Aerofoil Sections
The NACA 4 and 5 Digit aerofoils represent two families of aerofoil section that can be generated by the use of a set of simple polynomial equations. While these sections are slightly out of date in terms of current aircraft usage, they still represent useful sections and are easy to create.

The aerofoils are created by summing a thickness distribution with a given mean line equation. 
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For both families of aerofoil section the thickness distribution is as follows, 

 yt=t/0.2*(0.2969*sqrt(x)-0.126*x-0.35160*x2+0.2843*x3-0.1015*x4)

where x is a position along the chord line, given as a fraction of chord and t is the value of maximum thickness as given by the last two digits of the aerofoil designation number.(ie 0012 = symmetric section with t(max)=0.12c) 

For the 4-digit family, the mean line is given as, 

 yc=m/(p2)*(2*p*x-x2)               for 0<x<p

 yc=m/((1-p)2)*((1-2*p)+2*p*x-x2)   for p<x<1

Values p and m are given from the first two digits of the designation number. m being the value of maximum camber height (1/100ths chord) and p being the position of maximum camber height (1/10ths chord). (ie 2412 = maximum camber height =0.02c located at 0.4c). 

For the 5-digit family, the mean line is given as, 

 yc=k/6*(x3-3*m*x2+m2*(3-m)*x)     for 0<x<m

 yc=k/6*m3*(1-x)                   for m<x<1
 

Values p,k and m are found from the following table based on the first three digits of the designation number. 

           ------------------------------------------------

          | Mean Line No. |   p     |     m     |    k     |

          |---------------|---------|-----------|----------|

          |    210        |  0.05   |  0.0580   | 361.4    |

          |    220        |  0.10   |  0.1260   |  51.64   |

          |    230        |  0.15   |  0.2025   |  15.957  |

          |    240        |  0.20   |  0.2900   |   6.643  |

          |    250        |  0.25   |  0.3910   |   3.230  |

           ------------------------------------------------

The value of maximum camber height and its position will now be determined by the section construction process.(ie 23012 = maximum camber height =0.02c located at 0.15c). 

The construction of the section is then done numerically by identifying surface points which are the sum of camber and thickness effects. Points are normally generated using a cosine distribution of chord x coordinates. For each x coordinate an upper (xu,yu) and lower surface (xl,yl) data point is created by applying the above equations and construction method. 
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where [image: image29.png]


is the angle of the mean line gradient at the coordinate x
A leading edge radius r is applied to smooth the front data points. 

                          r = 1.1019*t2 

The program below creates coordinate data that can then be stored as an ASCII formatted data file for use with other applications. 

NACA 6 and 6A Series Aerofoil Sections
These aerofoil sections are designed to produce laminar flow and low drag over a reasonable range of angles of attack. The thickness distribution is thus based on a prescribed velocity distribution for the specific symmetric section required. The camber line is a polynomial function based on the desired ideal lift coefficient. 

For 6 Series Sections the designation numbers represent the aerofoil aerodynamic properties as shown in the following example,

   64(1)-215

                   6 -- 6 series designation number.

                   4 -- location of Cp(min) as 1/10ths chord.

                  (1)-- 1/2 width of drag bucket in CL counts.

                   2 -- Ideal (or Design) CL value.

                  15 -- Max thickness to chord ratio, 1/100ths chord

The following program can also construct NACA 6 and 6A series sections using the techniques described by Ladson, Brooks, Hill and Sproles. In these cases the data file contains 175 coordinate points with compact spacing closer to the leading edge of the section.

Thin Aerofoil Section Theory (2-D)

A simple solution for general two-dimensional aerofoil sections can be obtained by neglecting thickness effects and using a mean-line only section model. For incompressible, inviscid flow, an aerofoil section can be modelled by a distribution of vortices along the mean line.
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The vortices along the mean line form a continuous vorticity distribution. The assumed distribution function is shown in the following equation. This function is Glauert's approximation and is based on Joukowski transformation results and obeys the Kutta condition with zero vorticity at the trailing edge.
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The vorticity distribution is given as a function of the angular variable ( ) which is related to chordwise position (x) as follows,
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where c is the chord length. Note that chordwise position (x) is used instead of distance along the mean line (s). For typical aerofoils with small camber, the difference is negligible. The magnitude of the vortex distribution strength must be calculated to complete the mathematical model. For these thin cambered plate models a boundary condition of zero flow normal to the surface is applied in order to create an equation that can be solved for the required strengths.

The vorticity distribution function has two parts. The first is a constant coefficient (Ao) multiplied by a tangent function which describes the variation due to angle of incidence effects. The second part is a Fourier sine series which will account for variation due to camber. Finally, both parts are scaled by multiplying by the freestream velocity.

Given an aerofoil geometry, freestream velocity and angle of incidence, the magnitude of the coefficients (A0,A1,A2,....) is to be found by solving the condition of zero flow normal to the surface. This condition can be formulated in terms of horizontal and vertical flow velocity components.
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The ratio of vertical to horizontal velocity at the surface must equal the surface (mean line) gradient. The flow horizontal and vertical velocities are made up of freestream and vortex induced components.
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  and   [image: image37.png]u =V, cos(e) +u,




where ui and vi are the horizontal and vertical velocities induced by the vortex distribution. Both of these components will be much less than the freestream velocity so for small angles of incidence the horizontal vortex induced component can be neglected. If small angle assumptions are made for the incidence, the boundary condition equation becomes
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The velocity induced vertically (vi) at any point on the mean line can be found by summing up the effects of small individual segments (ds) of the vorticity distribution.
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where x is the location at which the induced velocity is being calculated and s is the chordwise location of the vortex element. Substituting this result for induced velocity into the boundary condition equation gives
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The solution for coefficients (A0,A1,A2,...) can now be obtained from this equation. The solution is based on Glauert's integral method. The equation is summed along the chord line to find initially coefficient A0. It is then scaled by cosine multiples and again summed along the chord. Each scaled integration will yield one coefficient.

[image: image41.png]]Boundary Condition . df



 along chord line gives
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And similarly integrating the Boundary Condition multiplied by cos n gives
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Once the vorticity coefficients are found the lift of a small element of the vortex line can be predicted from the Kutta-Joukowski law. The complete lift is found by summing all elements of lift from leading to trailing edge.
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because of the sector symmetry of the vorticity function only the first two coefficients (A0,A1) will contribute directly in this integration. Thus lift coefficient can be found as follows
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By summing elements of vortex lift which are multiplied by a moment arm based on their distance from the 1/4 chord point, the pitching moment coefficient can be found.
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The following program accepts ASCII data files which consist of a list 2-D aerofoil section coordinates. The format of these aerofoil input data files is the same as that produced by the NACA Section generation program. There is an initial header line, followed by a line giving the number of data points used to describe the aerofoil and then pairs of surface coordinate points (x,y). The order of surface points is anti-clockwise, starting at the trailing edge, going back over the upper surface around the nose and then forward along the underside back to the trailing edge.

From the surface coordinate data file, the program calculates a set of mean-line coordinate points to use as the mathematical thin-aerofoil model. For a given angle of incidence, coefficients A0,A1,A2,.... are calculated using the above equations. Since the mean-line model is a set of straight line segments connecting data points, all integration is done numerically.

The program can then predict CL versus angle and Cm(1/4c) for the specified aerofoil section. The result is a thin-aerofoil, inviscid flow approximation and therefore has no viscous boundary layer effects. In particular, no stall prediction is possible and the predicted drag coefficient is zero.
Aerofoil Section Analysis using 2D panel methods,
incorporating 1D corrections for boundary layer flow

The prediction of aerodynamic properties of most aerofoil sections can be obtained relatively accurately using two dimensional panel method analysis. The solutions will be primarily inviscid flow predictions. However, with the introduction of some simple one-dimensional boundary layer theory, the inviscid solutions can be corrected due to small viscosity effects. This allows estimation of lift, drag and pitching moment coefficients for sections were there are only small effects due to flow separation or friction.

The solution is obtained by two separate calculations,

1. Inviscid panel method prediction of flow velocities and pressures.

2. Viscous boundary layer theory prediction of surface flow displacement and momentum loss due to friction.

It is possible to iterate between the results of these two solutions until a final converged solution is obtained but in many cases problems may arise due to the number of iterations required and the possibility of an unstable iteration. A reasonable result is generally obtained by just using a single pass of the solution parts.

PART 1 : 2D Inviscid panel method
A potential flow solution of any general aerofoil section can be modelled by descretising the surface contour using singularity panels. Many different techniques are possible but for the program used here, the following configuration has been employed for the panel modelling,
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Each panel ( j ) is a straight line segment between surface contour points (j and j+1). Along the panel, a source distribution of constant strength ([image: image47.png]


) is applied. This distribution strength varies from panel to panel. As well, along each panel is a constant vorticity distribution ([image: image48.png]


). The vorticity is the same on each panel around the contour and produces the required circulation for the lifting section.

As the geometry of the section and the freestream flow conditions ( [image: image49.png]


-- velocity , [image: image50.png]


-- angle of attack ) are set, the requirement will be to define boundary condition equations in order to determine the necessary distribution strengths ( [image: image51.png]


and [image: image52.png]


, j = 1 to N (number of panels) ), for an accurate model of the problem.

A boundary condition of no flow through surface ( [image: image53.png]


) can be applied at the center of each panel. This produces N equations in N+1 unknowns. In order to correctly solve for the extra unknown vorticity, a Kutta condition must be applied at the trailing edge.
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For a single panel (i) the boundary condition will be applied as,
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at Panel (i)

where the coefficient,[image: image56.png]


,represents the influence of the source component on panel (j) on the control point on panel (i) and , [image: image57.png]


, represents the influence of panel (j) vortex component on the control point of panel (i).[image: image58.png]


represents the freestream influence. All coefficients are functions of the geometry of the section, function (x,y), due to orientation and spacing of panels.

The Kutta condition, equation N+1, can be applied in terms of trailing edge tangential velocities,
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thus [image: image60.png]Vy+Vy =0



.

Written interms of influence coefficients contributing to the sum of trailing edge tangential velocities, this becomes, 
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.

This gives a system of linear equations which allow the solution for the required distribution strengths to be found.
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Once the distribution strengths ( [image: image63.png]S, Y



) have been calculated, surface tangential velocities at the center of each panel can be calculated ( V ) and then surface pressure coefficients,
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The lift coefficient can be calculated assuming a small angle of attack as the integration of surface pressure coefficient acting in the y-direction, ie. projected on the x axis.
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Solutions only need to be calculated for one or two angles of attack as the lift curve will be linear. Stall and boundary layer effects are not predicted by the first part of the process.

PART 2 : 1D Boundary Layer Theory. 
Once the surface velocities have been predicted, it is possible to start some simple calculations for the viscous surface effects and drag cofficient. 

APPLICATION : 2D Panel Code Computer Program.
The following program accepts ASCII data files which consist of a list 2-D aerofoil section coordinates. The format of these aerofoil input data files is the same as that produced by the NACA section generation program.

-------------------------------------------------

|Header Line                                      |

|Number of Data Points (N)                        |

|   x(1)        y(1)                              |

|   x(2)        y(2)                              |

|   x(3)        y(3)                              |

|                                                 |

|   ...         ...                               |

|   x(3)        y(3)                              |

|                                                 |

|   x(N)        y(N)                              |

----------------------------------------------------

There is an initial header line, followed by a line giving the number of data points used to describe the aerofoil and then pairs of surface coordinate points (x,y). The order of surface points is anti-clockwise, starting at the trailing edge, going back over the upper surface around the nose and then forward along the underside back to the trailing edge. Data files for other aerofoil sections can be created using Excel or similar spreadsheet to give a data file in the correct format. 

Some sample section files are NACA 0012, NACA 4412 and NACA 64-012.

From the surface coordinate data file, the program calculates an inviscid flow solution. The 1-D momentum integration is run to predict the boundary layer near the aerofoil surface.

The program can predict CL for a given angle, Cm(1/4c) and CD for the specified aerofoil section.
Prandtl Lifting Line Theory (3-D Potential Flow)

A simple solution for unswept three-dimensional wings can be obtained by using Prandtl's lifting line model. For incompressible, inviscid flow, the wing is modelled as a single bound vortex line located at the 1/4 chord position and an associated shed vortex sheet.
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The span-wise lift distribution is assumed to be elliptical with a small modification due to wing planform geometry. The assumed vortex line strength is thus a Fourier series approximation.
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The required strength of the distribution coefficients (An) for a given geometry and set of freestream conditions can be calculated by applying a surface flow boundary condition. The equation used is based on the usual condition of zero flow normal to the surface. For 3-D wings the condition is applied at several span-wise sections by matching flow and surface angles. The local flow angle of incidence for a 2-D section of the wing must be equal to the sum of the wing's angle of attack, the section twist and the downwash induced flow angle. This downwash component is caused by the induced flow from the trailing vortex sheet. 
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is the 3-D wing angle of attack, [image: image72.png]


tis the wing twist angle and wi is the velocity induced by trailing vortex sheet.  

The vortex strength distribution in the trailing sheet will be a function of the changes in vortex strength along the wing span. The mathematical function describing the vortex sheet strength is thus obtained by differentiating the bound vortex distribution. 
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A solution for the magnitude of the Fourier coefficients A1,A2,A3... is obtained by firstly predicting the downwash velocity induced on the wing by the trailing sheet. 
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Then find the 2-D section lift coefficient as a function of the local flow incidence and the bound vortex strength at this span location.
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where ao is the section lift curve slope ( Cl/ ),  o is the zero lift angle and c is the section chord.

Rearranging and substituting for the local angle of incidence.
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Substituting for  and  i in terms of the Fourier series approximations then a final boundary condition equation is obtained. The equation contains the unknown coefficients and the known geometric properties of the wing.
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If a fixed number of coefficients (A1,A2,A3,A4...AN) is used then a set of simultaneous linear equations will be obtained by applying the above equation at "N" spanwise locations. A cosine distribution of spanwise locations should be used to match the assumed wing loading distribution. The number of coefficients used will determine the accuracy of the solution. If the wing loading is highly non-elliptical then a larger number of coefficients should be included. The solution for coefficients (A1,A2,A3,A4...AN) is obtained by the reduction of the resulting matrix of equations.

It should be noted that in cases were the wing loading is symmetric then even coefficients (A2,A4,A6,....) will be zero and can be deleted from the calculation.

The lift coefficient for the wing at a given angle of attack will be obtained by integrating the spanwise vortex distribution.
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so that [image: image79.png]


, where AR is wing aspect ratio.

The downwash velocity induced at any span location can be calculated once the strength of the wing loading is known. The variation in local flow angles can then be found. A consequence of this downwash flow is that the direction of action of each section's lift vector is rotated relative to the freestream direction. The local lift vectors are rotated backward and hence give rise to a lift induced drag. By integrating the component of section lift coefficient that acts parallel to the freestream across the span, the induced drag coefficient can be found.
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so that

[image: image81.png]Cp=mr. ARZ nA?




No real information about pitching moment coefficient can be deduced from lifting line theory since the lift distribution is collapsed to a single line along the 1/4 chord.

Special Case of Elliptical Loading

If the wing planform is elliptical, then it can be assumed that the wing load distribution is also a purely elliptical function.
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In this case a single general boundary condition equation results containing only one unknown, the vortex line strength at the wing root. The exact solution of this equation leads to the following simple answer for lift coefficient and induced drag coefficient.
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o(2D) = o(3D)
Prandtl Lifting Line Program 

The following computer program allows the user to define wing planforms (without sweep) and to define wing root and wing tip section properties. The program assumes a linear variation of section properties between wing root and tip and that the loading will be symmetric about the wing root. The program uses the above lifting line equations to get solutions for lift coefficient versus angle of attack and induced drag coefficient versus lift coefficient2. For a given angle of attack the program will display the resulting distribution of section lift coefficient across the span.

A flapped section can also be input. The percentage of wing span with flap must be input to create a flapped wing section. The flap section properties are assumed to be those entered for the wing root section. These section properties will be kept constant across the flapped portion of the span. The section properties used outboard of the flap will also be constant and assumed to be equal to those of the wing tip.

Vortex Lattice Method (3-D)

A solution for three-dimensional wings of any general form can be obtained by using a vortex lattice model. For incompressible, inviscid flow, the wing is modelled as a set of lifting panels. Each panel will contain a single horse-shoe vortex. A bound vortex is located at the panel 1/4 chord position with two trailing vortex lines shed from each end.




Both span-wise and chord-wise variation in lift can be modelled as a set of step changes from one panel to the next.

The required strength of the bound vortex on each panel will need to be calculated by applying a surface flow boundary condition. The equation used is the usual condition of zero flow normal to the surface. For each panel the condition is applied at the 3/4 chord position along the center line of the panel. The normal velocity is made up of a freestream component and an induced flow component. This induced component is a function of strengths of all vortex panels on the wing. Thus for each panel an equation can be set up which is a linear combination of the effects of the strengths of all panels. A matrix of influence coefficients is created which is multiplied by the vortex strengths and equal to a right hand side vector of freestream effects.
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The influence coefficient Aij will represent the induced flow on panel i due to the vortex on panel j. If all panels are assumed to be approximately planar then this influence coefficient can be calculated as a relatively simple application of the Biot-Savart law along the three component vortex lines.
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The result of this integration leads to the following formulae for influence coefficients in general.
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The right-hand side terms for the boundary condition equations will depend upon the freestream velocity, the angle of attack for the wing and the slope of the panels due to camber effects.
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A solution for the strength of the vortex lines on each panel is found by solving the matrix of equations.

The lift coefficient for the wing at a given angle of attack will be obtained by integrating the panel lift distribution. The lift on a particular panel can be found using the Kutta Law.
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The downwash velocity induced at on a panel can be calculated once the strength of the wing loading is known. The variation between local flow angles for the panel and the freestream velocity can be found. A consequence of this downwash flow is that the direction of action of each panel's lift vector is rotated relative to the freestream direction. The local lift vectors are rotated backward and hence give rise to a lift induced drag. By integrating the component of panel lift coefficient that acts parallel to the freestream across the span then the induced drag coefficient can be found.
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The induced flow angle (alpha i) represents the amount of rotation of the lift vector backward and must be calculated from the velocities induced on the bound vortex of the panel by other panels and the freestream.

Pitching moment about the wing root leading edge can be calculated by summing the panel lift multiplied by a moment arm which extends in the x-direction from the leading edge of the wing to the centre of the bound vortex for the panel.

Vortex Lattice Method Program

The following computer program allows the user to define wing planforms and geometries. The program assumes a linear variation of planform for up to two zones and a simple planar tailplane. Zone 1 covers wing root to specified span location, then Zone 2 covers span location to wing tip. The section properties can vary linearly across each zone between wing root, mid-span and tip or a contant section can be set for each zone. The wing loading is assumed to be symmetric about the wing root. The tailplane can be set at a required distance behind the wing root with a constant chord and sweep angle. A CG position (faction of root chord behind leading) can be set so that calculated Cm coefficients will be relative to this point

The aerofoil section properties for the wing root, mid-span and tip can be specified by entering a chord length and zero lift angle. This will generate a mean line for each section which corresponds to the input section properties. An incidence angle can be set for the tailplane.

Wing geometry variables : 
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The program uses the above vortex lattice method equations to obtain solutions for lift coefficient versus angle of attack, pitching moment coefficient versus angle and induced drag coefficient versus lift coefficient2. For a given angle of attack the program will display the resulting differential pressure coefficient distribution.
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